Abstract. The problem of detecting the bifurcation set of polynomial mappings C m → C k , m ≥ 2, m ≥ k ≥ 1, has been solved in the case m = 2, k = 1 only. Its solution, which goes back to the 1970s, involves the non-constancy of the Euler characteristic of fibres. We provide here a complete answer to the general case m = k + 1 ≥ 3 in terms of the Betti numbers of fibres and of a vanishing phenomenon discovered in the late 1990s in the real setting.
Introduction
The bifurcation locus of a polynomial map F : C m → C k with m ≥ k, i.e. the minimal set of points B(F ) ⊂ C k outside which the mapping is a C ∞ locally trivial fibration, is an algebraic set of dimension at most k − 1 (cf [KOS] , [DRT] etc). The following result was found in the 1970's by Suzuki [Su] , and later by Hà and Lê in [HL] : Let f : C 2 → C be a polynomial function and let λ ∈ C \ f (Sing f ). Then λ is not a bifurcation value at infinity if and only if the Euler characteristic of the fibres χ(f −1 (t)) is constant for t varying in some neighborhood of λ.
For polynomial functions of more than 2 variables, the problem turns out to be more subtle. The Euler test is not anymore sufficient if we replace C 2 by an affine surface, as shown by Zaidenberg [Za1] and Gurjar and Miyanishi [GM] , or in case of polynomial maps with m > k ≥ 2. This led to the natural question, of which we have learned several years ago from Gurjar, whether the constancy of the Betti numbers of the fibers was sufficient to insure topological triviality in case of regular fibres of polynomial maps C n+1 → C n , n ≥ 2.
The aim of this paper is to characterize the regular bifurcation values of polynomial maps C n+1 → C n , n ≥ 2, in somewhat larger generality. We first produce an example ( §2.1 below) demonstrating that the constancy of the Betti numbers of the fibers in the neighborhood of a regular value λ is not a sufficient condition for λ not being a bifurcation value. We then prove the following natural necessary and sufficient criterion: Theorem 1.1. Let F : X → Y be an affine map, where X and Y are nonsingular connected affine spaces, dim X = n + 1, dim Y = n, n ≥ 2. Let λ be a point in the interior of the set Im F \ F (Sing F ) ⊂ Y . Then λ ∈ B(F ) if and only if the Euler characteristic of the fibres F −1 (t) is constant for t varying in some neighborhood of λ and no connected component of F −1 (t) is vanishing at infinity as t → λ.
In order to prove Theorem 1.1 we show the following more general result: Theorem 1.2. Let p : M → B be a holomorphic map between connected complex manifolds, where M is Stein and dim M = dim B + 1. We asume that the Betti numbers b 0 (t) and b 1 (t) of all the fibers p −1 (t) are finite. Let λ be a point in the interior of the set Im p \ p(Sing p) ⊂ B. Then λ ∈ B(p) if and only if the Euler characteristic of the fibres is constant for t varying in some neighborhood of λ and no connected component of p −1 (t) is vanishing at infinity when t → λ. This is in turn based on the following result for connected fibres, the proof of which relies on deep results by Ilyashenko [Il1, Il2] and Meigniez [Me2] . Theorem 1.3. Let p : M → B be a holomorphic map between connected complex manifolds which is a submersion, where M is Stein with dim M = dim B + 1. Assume that all the fibres of p are connected and have the same finite first Betti number b 1 < ∞.
Then p is a locally trivial fibration.
The condition of non-vanishing components at infinity is then employed in order to reduce the general case to Theorem 1.3.
We also note the following by-product of Theorem 1.3 in the particular case of regular functions on affine surfaces, which is a small part of a result proved by Zaidenberg [Za1, Lemma 3.2 
]:
Let f : X → C be a primitive function from an affine surface X to a curve C. A regular value λ ∈ C is a bifurcation value of f if and only if the fibre f −1 (λ) is not diffeomorphic to the general fibre of f .
An example of a non-primitive function with regular values in some neighborhood of 0 and where the fibres are isomorphic, but which is not a fibration, is the following: X ⊂ C 3 is the surface given by the equation [(x − 1)(xz + y 2 ) + 1][x(xz + y 2 ) − 1] = 0 (see the main example §2.1), and consider f : X → C as the restriction to X of the linear form l = x on C 3 .
Vanishing at infinity and the main example
To define "vanishing components", we consider the more general situation of a holomorphic map p : M → B between connected complex manifolds with dim M = dim B +1, and let λ ∈ Im p be a regular value of p. The fiber p −1 (t) is a complex manifold of dimension 1 and may be not connected; we assume that it has finitely many connected components. We then denote by C t some connected component of the fiber p −1 (t).
Definition 2.1. We say that there are vanishing components at infinity when t tends to λ if there is a sequence of points t k ∈ B, t k → λ such that for some choice of a connected component C t k of p −1 (t k ) the sequence of sets {C t k } k∈N is locally finite, i.e., for any compact
If there is no vanishing at infinity at λ then we say that no connected component of p −1 (t) is vanishing at infinity when t → λ, or simply that one has the property (NV) at λ.
A more effective way to define the property (NV) is as follows: we denote by M b the fibre
be the decomposition of the fibre M b into connected components.
Let also ϕ : M → R be a continuous exhaustion function, i.e. {x ∈ M : ϕ(x) ≤ r} is compact for every r ∈ R (for example, if M = C n , one we may take ϕ(x) = x ). We define:
Then "vanishing component at infinity when t → λ" means that there exists a sequence of points t k ∈ B, t k → λ, such that lim k→∞ µ(t k ) = ∞. The phenomenon of "vanishing of components" has been studied in the real setting of polynomials R 2 → R in [TZ] and more generally in [JT] . It turns out that this is related to the "vanishing cycles" and "emerging cycles" introduced for independent reasons by Meigniez [Me1] , [Me2] . In another stream, "vanishing cycles at infinity" have been studied in the context of complex polynomial functions in [Pa] , [ST1] , [ST2] , [Ti1] , [Ti2] etc.
A polynomial map C 3 → C 2 with vanishing components and constancy of the Euler characteristic of regular fibres was produced in [HN, Remark 2.3] .
Yet another phenomenon which may occur is the "splitting at infinity at λ" (in the terminology of [TZ, JT] ) when approaching the bifurcation value λ. The simplest example is the complex polynomial f (x, y) = x + x 2 y. It was shown in the real setting [TZ, Example 3 .1] that these two phenomena (vanishing and splitting at infinity) may happen simultaneously while the Betti numbers of the fibres are locally constant.
We present here the first example in the complex setting where both phenomena occur. It proves at the same time that the non-vanishing hypothesis of Theorem 1.1 is necessary.
2.1. Main example. Let F : C 3 → C 2 be defined by
The singular locus of F is the union of the z-axis, a curve and a surface, the last two having the same image by F . One then checks that (0, 0) is an interior point of
where c 1 and c 2 are the two distinct roots of the equation
All fibers of f in a small neighborhood of (0, 0) ∈ C 2 have therefore exactly two connected components isomorphic to C. On the other hand, when a → 0 one component vanishes at infinity and the other one splits into two copies of C, which shows that f is not locally trivial at (0, 0) whereas its fibres are abstractly diffeomorphic (and even isomorphic).
3. Proof of Theorem 1.3 3.1. Preliminary facts. We recall basic definitions, see e.g. Hörmander [Ho] , and needed results: We prove the following key semi-continuity result:
Proposition 3.4. Let p : M → B be a holomorphic submersion, where M and B are connected complex manifolds and dim M = dim B + 1. Assume that:
(a) M is Stein, and (b) the Betti numbers b 0 (t) and b 1 (t) of the fiber p −1 (t) are finite for all t ∈ B. Then the top Betti number b 1 (t) is lower semi-continuous.
This looks similar to semi-continuity results proved in case of families of hypersurfaces in [ST3] , [ST4, Prop. 2 .1], however the method of proof is totally different.
Proof of Proposition 3.4. Let C λ = {C 1 , C 2 , . . . , C b 0 } denote the set of connected components of the fibre p −1 (λ), where b 0 := b 0 (λ), for some fixed value λ ∈ B. Let f : M → C be a holomorphic function such that f |C j ≡ 2j, for any j ∈ {1, . . . , b 0 }. Such functions do exist because M is Stein, see e.g. [Ho, Theorem 7.4.8] . We define the following disjoint open subsets of M:
by choosing a finite set of compact geometric generators of H 1 (C j , Q) and some connected compact W j containing all of them).
Next, there exists a smooth strictly plurisubharmonic exhaustion function ϕ j : U j → R and a sufficiently large real number r j ≫ 1 such that B j := {y ∈ U j | ϕ j (y) < r j } contains W j , its boundary ∂B j is non-singular at every point of B j ∩ C j and it intersects C j transversely.
We may choose ϕ j such that B j ∩ C j is moreover connected. Indeed, let Ω j be the connected component of B j ∩ C j which contains W j , and let s j = min x∈C j ϕ j (x), which exists since ϕ j is an exhaustion. We know that Ω j has smooth boundary. It also follows that Ω j is Runge in C j and, since C j is a smooth complex curve, that Ω j is holomorphically convex in C j and hence in U j . This last statement follows from the definition and Theorem 7.4.8 in [Ho] . We may choose (see e.g. [Ho, Theorem 2.6 .11]) a smooth plurisubharmonic function ψ j : U j → [0, ∞) such that ψ j = 0 over a neighborhood of Ω j and ψ j ≥ r j − s j + 1 over the closure of (B j ∩ C j ) \ Ω j . We have {y ∈ C j | ϕ j (y) + ψ j (y) < r j } = Ω j , hence replacing ϕ j by ϕ j + ψ j we get the claimed additional property.
By Proposition 3.2, B j is Runge in U j and therefore B j ∩ C j is Runge in C j . It then follows from Proposition 3.3 that the inclusion B j ∩C j ֒→ C j induces an injective morphism
By Ehresmann's fibration theorem, there exists some small enough connected open ball
is a trivial C ∞ -fibration. Let us fix some t ∈ B ′ and let C t = {Γ 1 , . . . , Γ q } be the set of connected components of p −1 (t). We define β : C λ → C t by β(C j ) = the unique connected component of C t which intersects B j . By changing the indices we may assume that β(
From the triviality of (1) it follows that, for 1 ≤ j ≤ n 1 , we have:
Since B j ∩ Γ 1 is Runge in U j ∩ Γ 1 and since the later is Runge in Γ 1 , it follows that B j ∩ Γ 1 is Runge in Γ 1 . We need now Narasimhan's result [Na1, Lemma 1] which says that if X is a Stein space and X 1 , X 2 are two disjoint Runge open subsets of X then X 1 ∪ X 2 is Runge in X if and only if any two compact subsets K 1 ⊂ X 1 , K 2 ⊂ X 2 can be separated by the real part of a holomorphic function f ∈ O(X).
By applying [Na1, Lemma 1] we get that the union
Repeating this argument for Γ 2 , . . . , Γ q ′ and summing up the inequalities we obtain that
3.2. Coverings. Our starting point is the following key theorem by Y. S. Ilyashenko: [Il2] Let M be a Stein manifold foliated by complex curves, let B be a transversal cross-section and let F x denote the leaf of the foliation which contains the point x ∈ B.
Then there exists a complex manifold M together with a locally biholomorphic map π : M → M such that the restriction π | : π −1 (F x ) → F x is the universal covering of F x with base point x, for any x ∈ B.
Definition 3.6. In the setting of Theorem 1.3, let us consider the foliation defined by the fibres of the submersion p : M → B and the cross-section B defined by some lift by p of the base B. Let us denote by x the point of B which corresponds to x ∈ B by the identification of B with B.
By applying Theorem 3.5 to this setting we obtain the manifold M and the locally biholomorphic map π : M → M. We then have:
Proof. Let us fix some point x ∈ M and denote
As in the proof of Proposition 3.4, we choose a compact connected subset
Since M is Stein, there is a strictly plurisubharmonic exhaustion function ϕ : M → R and a sufficiently large real number R ≫ 1 such that the boundary ∂{y ∈ M | ϕ(y) ≤ R} intersects the fiber M p(x) transversely, that W ⊂ {y ∈ M p(x) | ϕ(y) < R}. Moreover, as in the proof of Proposition 3.4, we may assume that {y ∈ M p(x) | ϕ(y) < R} is connected. For b ∈ B we denote:
By Ehresmann's fibration theorem, there exists a small connected open neighborhood
Consequently, for any b ∈ B ′ , we have the isomorphism:
Again by Propositions 3.2 and 3.3 we deduce that for
According to our hypothesis, dim H 1 (M p(x) , Q) = dim H 1 (M b , Q) and hence by (3) we get for all b ∈ B ′ :
and that the isomorphism
Proof. As we have assumed that M p(x),R is connected and p | :
′ is a trivial fibration, it follows that the open set M b,R is connected, for any b ∈ B ′ . By a Mayer-Vietoris argument using the finite dimensional homology groups of M b and M b,R we show that the set M b \ M b,R is a disjoint union of finitely many cylinders, more precisely collars over the boundary components of ∂M b,R , which are just circles. By retracting the collars to their boundaries we get that M b,R is a deformation retract of M b .
3.3. Following of the proof of Proposition 3.7. Let us recall Ilyashenko's construction [Il1] of M for our foliation defined by the fibres of p.
For each x ∈ M, a point in π • g(x, t) = γ(t) for any t ∈ [0, 1], • g(y, t) ∈ M p(y) for any y ∈ V and t ∈ [0, 1],
• g(y, 1) = y and g(y, 0) = p(y) for any y ∈ V . Denoting γ y (t) := g(y, t), one has by definition that:
is an open neighborhood ofx and that the restriction π | : V g → V is a homeomorphism, where the homotopy class [γ y ] is considered in M p(x) and rel(0, 1).
Let now U 0 ⊂ M p(x),R be a small enough contractible neighborhood of x and consider a contraction H :
be a diffeomorphism such that G 2 = p, G(y) = (y, p(x)) for each y ∈ M p(x),R , and
where G is the diffeomorphism defined at (5). We show in the following that U is evenly covered by π.
So letx ∈ π −1 (x). Since we know that
) is surjective, we can find a path µ ∈x such that Im µ ⊂ M p(x),R . Then the path γ : [0, 1] → M p(x),R defined by γ(t) = µ(2t) for t ∈ [0, 1 2 ] and γ(t) = x for t ∈ [ , 1] is homotopic to µ, hence γ ∈x. We define a continuous map Z : U × [0, 1] → M as follows:
We have then that Z(y, t) ∈ M p(y) , Z(y, 1) = y and Z(y, 0) = p(y) for any y ∈ U, and Z(x, t) = γ(t) for any t ∈ [0, 1]. Then U Z is a neighborhood ofx and the restriction π | : U Z → U is a homeomorphism, where the notation U Z is defined as at (4). We have thus started with some pointx ∈ π −1 (x) and we have attached to it the map Z and the open neighborhood U Z ; since we want to compare in the following two such neighborhoods, let us denote U Z by Ux . In order to prove that U is evenly covered by π, it suffices to prove the following two statements:
To prove (a) we letỹ 0 ∈ Ux 1 ∩ Ux 2 where y 0 := π(ỹ 0 ). Then there exist µ 1 , µ 2 : [0, 1] → M p(x),R with µ 1 (0) = µ 2 (0) = p(x) and µ 1 (1) = µ 2 (1) = x such that [µ 1 ] =x 1 , [µ 2 ] =x 2 , and that the paths ν 1 , ν 2 : [0, 1] → M p(y 0 ),R defined by
, 1]
(for j = 1, 2) represent bothỹ 0 and hence they are homotopically equivalent in M p(y 0 ) . Moreover, they are homotopically equivalent in M p(y 0 ),R since the canonical morphism π 1 (M p(y 0 ),R ) → π 1 (M p(y 0 ) ) induced by the inclusion is bijective (cf Lemma 3.8).
It follows that the two paths (for j = 1, 2):
, 1] are homotopically equivalent and therefore the paths µ 1 and µ 2 are homotopically equivalent. Hencex 1 =x 2 and (a) is proved.
To prove (b) we let y 0 ∈ U andỹ 0 ∈ π −1 (y 0 ). Since the canonical morphism
. From the very definition if the following path:
we get that [ν 1 ] ∈ Ux and moreover that ν 1 and ν are homotopically equivalent. Hencẽ y 0 ∈ Ux, which proves proves our claim. This ends the proof of Proposition 3.7 3.4. End of the proof of Theorem 1.3. We use the following theorem proved by Meigniez, which is a nice generalization of a result by Palmeira [Pa] .
Theorem 3.9. [Me2, Corollary 31] A surjective smooth submersion with all fibres diffeomorphic to R p is a locally trivial fibration.
In our case fibers of p • π : M → B are diffeomorphic to R 2 , so this theorem implies that p • π : M → B is a locally trivial fibration.
Let us recall the definition of a Serre fibration. Since π : M → M is a covering and p • π : M → B is a locally trivial fibration, both are Serre fibrations. It then follows that p : M → B is a Serre fibration (which is straightforward, see also [Me2, Example 38] ).
In order to conclude, we need another result by Meigniez:
Proposition 3.11. [Me2, Corollary 32] Suppose that E and B are smooth manifolds such that dim R E = dim R B + 2 and π : E → B is a surjective smooth map. If π is both a submersion and a Serre fibration then π : E → B is a locally trivial fiber bundle.
Applying this proposition to our submersive Serre fibration p : M → B, we deduce that it is a locally trivial fibration. Theorem 1.3 is now proved.
Note that this also proves Theorem 1.2 in case that the fibres p −1 (t) of the holomorphic map p are connected for any t in some small neighborhood of λ. In the next section we shall prove the general result.
We end this section by two simple examples which illustrate the importance of the hypotheses of Theorem 1.3.
) and let p : M → C be the projection on the first coordinate. Then p is a surjective submersion, all fibers are diffeomorphic to C * but obviously this is not a locally trivial fibration. M is not Stein.
), γ n converges uniformly to γ but γ is not homotopically trivial in p −1 (0). We have here a non-trivial vanishing cycle in the terminology of Meigniez's [Me2] . If we apply Ilyashenko's construction to this setting then the topology of M will be not separated. We also have another "cycle vanishing at infinity" in the terminology of [Ti2] .
| z = w} and let p : M → C be the projection on the first coordinate. Then p is a surjective submersion, all fibers are diffeomorphic to C \ N, and M is Stein. However p is not a locally trivial fibration. In the terminology of [Me2] , non-trivial emergent cycles occur around the origin. This satisfies Ilyashenko's theorem but not the finiteness of the Betti numbers of fibres condition of Theorem 1.3.
Proof of Theorem 1.2
After proving Theorem 1.2 in the particular case of connected fibres, let us now treat the general case.
Let p : M → B be a holomorphic map between connected complex manifolds such that M is Stein, dim M = dim B + 1, and the Betti numbers b 0 (t) and b 1 (t) of all the fibers p −1 (t) are finite. Let λ be a point in the interior of the set Im p \ p(Sing p) ⊂ B. We assume that the Euler characteristic of the fibres is constant for t varying in some neighborhood of λ and no connected component of p −1 (t) is vanishing at infinity when t → λ.
Let C t be the set of connected components of the fibre p −1 (t), which is by hypothesis a finite set with b 0 (t) elements, and let b 0 (λ) = b 0 .
Let {C 1 , . . . , C b 0 } denote the connected components of p −1 (λ). Choose and fix some point x j ∈ C j , for any j. Since p is a submersion over some small neighborhood of λ, we may choose some mutually disjoint small balls B j ⊂ C n+1 centered at x j , and some small enough ball D ⊂ B centered at λ such that the intersection B j ∩ p −1 (λ) is connected and that the restriction
We then define a t (j) as the connected component of p −1 (t) which intersects B j ∩p −1 (D). This yields a well defined function a t : {1, . . . , b 0 } → C t since B j ∩p −1 (t) is itself connected for any t ∈ D and any j, by (6).
Lemma 4.1. The Betti numbers b 0 (t) and b 1 (t) of the fibre p −1 (t) are constant for t in some small neighborhood of λ.
Proof. We claim that the function a t is surjective, for any t in some small neighborhood of λ. If not so, then there is a sequence t i → λ and some connected component C t i of p −1 (t i ) which does not intersect any ball B j , for j ∈ 1, b 0 . By the assumed non-vanishing condition (NV) at λ, there exists some compact K ⊂ M such that C t i ∩ K = ∅ for any i ≫ 1. (We actually get this possibly after passing to an infinite sub-sequence of sets C t ip .) Let us then fix some point z t i ∈ C t i ∩ K. We may assume, again after passing to a sub-sequence, that z t i tends to some limit point z 0 ∈ K. Consequently,
By taking a simple path linking x j 0 to z 0 within C j 0 and by considering a tubular neighborhood of it in M, we may assume, by using Ehresmann's theorem, that there exists a connected open set N j 0 containing z 0 and x j 0 such that the intersection N j 0 ∩ p −1 (λ) is connected and that the restriction:
is a trivial C ∞ -fibration (possibly after shrinking the ball D), and therefore all its fibres are connected.
Since N j 0 is open and contains z 0 , it contains the points z t i ∈ C t i for sufficiently large index i ∈ N. Hence for i ≫ 1 the connected set p −1 (t i ) ∩ N j 0 is contained in C t i and on the other hand B j 0 ∩ N j 0 ∩ p −1 (D) = ∅. Since we have assumed that C t i ∩ B j 0 = ∅, we thus get a contradiction. Our surjectivity claim is proved. In particular, we have b 0 (t) ≤ b 0 (λ) for t in some small neighborhood of λ.
By Proposition 3.4, possibly after shrinking D, we also have b 1 (t) ≥ b 1 (λ). We therefore get:
and since χ(λ) = χ(t) by our hypothesis, we deduce that the Betti numbers b 0 (t) and b 1 (t) are constant at λ.
In particular, from the equality b 0 (t) = b 0 (λ) proved in Lemma 4.1 we deduce that the function a t is bijective, for t in some small enough neighborhood of λ. We may therefore denote from now on C j (t) := a t (j), j ∈ 1, b 0 .
Keeping the above notations, we moreover have the following result showing that the connected components belong to families:
is an open set in M, for any j ∈ 1, b 0 .
Proof. Let y 0 ∈ C j (t 0 ) for some t 0 ∈ D. LetD be the section of the trivial fibration (6) which contains the center x j ∈ C j (λ) of the ball B j , and let z 0 := C j (t 0 ) ∩D. We consider a simple path within C j (t 0 ) connecting z 0 to y 0 . Like in the proof of Lemma 4.1, one may find a connected open tubular neighborhood N j ⊂ M of this path such that N j ∩ p −1 (t 0 ) = N j ∩ C j (t 0 ) ⊂ V j is connected and that the restriction:
is a trivial C ∞ -fibration, where D 0 ⊂ D is some small enough ball centered at t 0 ∈ C n . Since N j contains by definition some neighborhood of z 0 , the intersection N j ∩D contains a neighborhood of z 0 inD. It then follows from the definition of the components C j (t) that the fibers of the fibration (8) must be subsets of V j , after possibly shrinking D 0 . And since the neighborhood N j ∩ p −1 (D 0 ) is included in V j , it contains by definition a small ball around y 0 .
We may now finish the proof of Theorem 1.2. By the definition of V j and the fact that the functions a t are bijections for all t ∈ D, we get that the union b 0 j=1 V j is a disjoint union of connected components and it is equal to p −1 (D), and that p(V j ) = D, ∀j ∈ 1, b 0 . Since D is Stein it follows that each V j is Stein. Therefore p |V j : V j → D is a submersion with connected 1-dimensional fibers C j (t) on the Stein manifold V j .
By Proposition 3.4 there exists an open neighborhood
We may assume without loss of generality that this holds for the same D ′ for any j ∈ 1, b 0 . Since we have proved that the total first Betti number is constant, i.e.
, we obtain the constancy on every component, i.e. b 1 (C j (t)) = b 1 (C j ), ∀j ∈ 1, b 0 . We then apply Theorem 1.3 to the restriction p |V j ∩p −1 (D ′ ) and get that it is a trivial fibration ∀j ∈ 1, b 0 . Therefore p is a trivial fibration.
Some consequences
Corollary 5.1. Let p : M → B be a holomorphic map between connected complex manifolds, where M is Stein with dim M = dim B +1, and the fibers of p have finitely generated fundamental group. Let λ be a point in the interior of the set Im F \ F (Sing F ) ⊂ C n .
(a) Assume that for t in some neighborhood of λ the fibers p −1 (t) have constant Euler characteristic and the Betti number b 1 of each of their components is at least 2. Then f is a locally trivial fibration at λ. (b) Assume that for t in some neighborhood of λ the fibers p −1 (t) have constant Betti numbers b 0 (t) and b 1 (t) and the Betti number b 1 of each of their components is at least 1. Then f is a locally trivial fibration at λ.
Proof. (a)
. We use the construction and the notations in the proof of Proposition 3.4, from which we recall the following: let C λ = {C 1 , . . . , C b 0 } be the set of connected components of the fibre p −1 (λ), where b 0 := b 0 (λ). We chose a holomorphic function f : M → C such that f |C j ≡ 2j, for any j ∈ {1, . . . , b 0 }. We defined
, where Re(f ) denotes the real part of f . We chose smooth strictly plurisubharmonic exhaustion functions ϕ j : U j → R, sufficiently large real numbers r j ≫ 1, and a connected open neighborhood B ′ of λ such that the restrictions
′ are trivial C ∞ -fibrations with connected fibres.
Fixing some t ∈ B ′ , let C t = {Γ 1 , . . . , Γ q } be the set of connected components of p −1 (t). We have defined the function β : C λ → C t by β(C j ) := the unique connected component of C t which intersects {y ∈ U j | ϕ j (y) < r j }. By changing the indices we may assume that β(C 1 ) = · · · = β(C n 1 ) = Γ 1 , . . . , β(C n q ′ −1 +1 ) = · · · = β(C b 0 ) = Γ q ′ where q ′ ≤ q and 1 ≤ n 1 < n 2 < · · · < n q ′ −1 < b 0 . Finnaly, in the proof of Proposition 3.4 we obtained the inequality:
Since by our hypothesis b 1 (Γ j ) ≥ 2 for every j ∈ {1, . . . , q} and, in particular, for j ∈ {q ′ + 1, . . . , q}, we obtain that b 1 (t) ≥ b 1 (λ) + 2(q − q ′ ). By our hypothesis we have χ(t) = χ(λ) and hence b 1 (t) = b 1 (λ) − b 0 + q, since q = b 0 (t) by definition. This yields b 1 (λ) − b 0 + q ≥ b 1 (λ) + 2(q − q ′ ) and hence 2q ′ ≥ b 0 + q. Since by our construction we have q ′ ≤ q and q ′ ≤ b 0 , we conclude that the equalities b 0 = q and q = q ′ must hold. This shows in particular that we have "non-vanishing of components" at λ. We may now apply Theorem 1.1 to conclude. (b). The same arguments as at (a), but instead of b 1 (Γ j ) ≥ 2 we have now by hypothesis b 1 (Γ j ) ≥ 1 and b 0 = q. We thus obtain the inequality b 1 (t) ≥ b 1 (λ) + (b 0 − q ′ ). Since b 1 (t) = b 1 (λ) by hypothesis, we get q ′ ≥ b 0 . Since b 0 ≥ q ′ by construction, we must have equality b 0 = q ′ , thus non-vanishing of connected component and we conclude by applying Theorem 1.2.
For a polynomial map F = (F 1 , . . . , F n ) : C n+1 → C n , we denote by χ(t) the Euler characteristic of the fibre F −1 (t) and by F t the closure of the fibre F −1 (t) in P n+1 in some fixed system of coordinates.
Corollary 5.2. Let F = (F 1 , . . . , F n ) : C n+1 → C n be a polynomial map and let λ be an interior point of the set Im F \ F (Sing F ) ⊂ C n . If the degree deg F t and the Euler characteristic χ(t) are constant for t varying in some neighborhood of λ, then λ ∈ B(F ).
Proof. Since deg F t is constant, it follows that the number of intersection points F t ∩ H, where H ⊂ C n+1 is a general hyperplane, is constant, for all t close to λ. We show that this implies (NV) at λ.
By our hypothesis, the hyperplane H intersects all component of F t . If not (NV) at λ, then there is a component which is "lost" at infinity, hence there is at least some point p ∈ F t ∩H which tends to infinity when t → λ, which just means that the restriction F |H is not proper. The number of intersection points F t ∩ H is a locally semicontinuous function in the sense that this number cannot locally increase in the limit whenever the limit of points exists in F λ . In our case there is at least a path γ consisting of such intersection points γ(t) ∈ F t ∩ H, such that γ(t) → ∞ as t → λ. This yields the contradiction. We may conclude by applying Theorem 1.1.
Remark 5.3. The above statement has been proved in [HN, Corollary 2.2] in the particular case when the zero locus at infinity Z( (F 1 ) d 1 , . . . , (F n ) dn ) ∩ H ∞ of the homogeneous parts (F i ) d i of the highest degree d i of F i is of dimension zero. In this case we have the constancy of the degree deg(F t ) = d 1 · · · d n for every t in a neighborhood of λ.
